Abstract: In this paper, we obtain some new results on the existence of MDS self-dual codes utilizing (extended) generalized Reed-Solomon codes over finite fields of odd characteristic. For some fixed q, our results can produce more classes of MDS self-dual codes than previous works.
the technique in [9] and construct several classes of MDS self-dual codes via GRS codes and extended GRS codes.
Since MDS self-dual codes over finite field of even characteristic with any possible parameter have been found in [7] . In this paper, we obtain some new results on the existence of MDS self-dual codes through (extended) GRS codes over finite fields of odd characteristic. Some results in this paper extend those of [9] and [15] . Comparing to previous works, for some fixed square prime power q, our construction will produce more q-ary MDS self-dual codes. This paper is organized as follows. In Section 2 we will introduce some basis knowledge and auxiliary results on GRS codes and extended GRS codes. In particular, Corollary 2.1 and Corollary 2.2 give a criterion for an (extended) GRS code to be self-dual. In Section 3 we will present our main results on the construction of MDS self-dual codes. Our main tools are Corollary 2.1 and Corollary 2.2. We choose suitable parameters to make the conditions in Corollary 2.1 and Corollary 2.2 hold. Table 1 : Known results on MDS self-dual codes of length n ( η is the quadratic character of F q )
Some results in Table 1 are overlapped. For instance, columns 6 and 7 in [8] are special cases of column 4 in [15] . 
gcd(r−1,m) and m|(q − 1) Theorem 2 q = r 2 , r odd n = tm + 2, tm even, 2 ≤ t ≤ r−1 gcd(r−1,m) and m|(q − 1) Theorem 3 q = p m , odd prime p n = 2tp e , 2t | (p − 1) and e < m, even
Theorem 4 2 Generalized Reed-Solomon codes
In this section, we introduce some basic notations and results on generalized Reed-Solomon code. Throughout this paper, let F q be a finite field with q elements, and let n be a positive integer with 1 < n < q.
Choose a = (α 1 , . . . , α n ) to be an n-tuple of distinct elements of
is the generalized Reed-Solomon or GRS code.
The code GRS k (a, v) has a generator matrix
It is well-known that the code GRS k (a, v) is a q-ary [n, k]-MDS code and its dual is also MDS.
We define
The dual of GRS code is explicitly determined. Precisely, let 1 be the all-one vector with appropriate
We now introduce some basic notations and results on extended generalized Reed-Solomon code. The k-dimensional extended GRS code of length n given by
where
Clearly, the code GRS k (a, v, ∞) has a generator matrix
It is known that GRS k (a, v, ∞) is q-ary [n, k]-MDS code and its dual is also MDS. Precisely, the dual
It is easy to see that the relationship between G k (a, v, ∞), and
where diag(v 1 , v 2 , . . . , v n−1 , 1) is the diagonal matrix with diagonal entries v 1 , v 2 , . . . , v n−1 , 1.
The following lemma gives a criterion for a GRS code to be self-dual.
Lemma 2.1. Let n be an even integer, and k =
This implies that GRS k (a, v) is MDS self-dual if and only if
In other words, (v
⊥ . Therefore, the lemma is proved. 
The following lemma is important and it gives the necessary and sufficient condition to construct self-dual codes via the extended GRS codes. (α 1 ) , . . . , v n−1 f (α n−1 ), f k−1 ),
This completes the proof.
Corollary 2.2. ([15], Lemma 2) Let n be even and k
= n 2 . If −L a (α i ) = w 2 i for some w i ∈ F * q for all 1 ≤ i ≤ n − 1, then the code GRS k (a, v, ∞) defined in (3) is MDS self-dual, where v i = w −1 i for all 1 ≤ i ≤ n − 1.
Main Results
The existence of MDS self-dual codes over finite fields of even characteristic has been completely addressed in [7] . In this section, we construct serval new classes of MDS self-dual codes, by using GRS codes and extended GRS codes over finite fields of odd characteristic.
The following lemma can be found in [15] . Proof. Let α be a primitive m-th root of unity. Since one has group isomorphism and embedding
and t ≤ r−1 gcd(r−1,m) , we can choose β i ∈ F * r (0 ≤ i ≤ t − 1) to be cost representatives of (F * r × α ) α and
Then the entries of a are distinct elements of F * q . Note that
for any γ ∈ F q . By Lemma 3.1, for any 1 ≤ i ≤ m and for any 0 ≤ z ≤ t − 1, we have
m is even and α is primitive m-th root of unity, then α ∈ F * 2
q . By Corollary 2.1, there exists a q-ary [n,
Remark 3.1. Theorem 3.4 (i) in [9] is a special case of the preceding result when m = 1.
Example 3.1. When r = 9 and q = 81, we can choose m = 5 and t = 6. In this case n = 30 and the preceding result shows that there exists q-ary MDS self-dual code of length 30 which, as our best knowledge, has not been found in previous references.
Theorem 2. Let q = r 2 where r is odd prime power, and let n = tm + 1 be a positive integer with
gcd(r−1,m) and m|(q − 1). Assume tm is odd. Then there exists a q-ary [n,
Proof. The proof is similar as that of Theorem 1.
q . By Corollary 2.2, there exists a q-ary [n, 
and
Note that β l , β z m − β l m , −1 and m ∈ F * 2 q . Hence both −L a (β z α i ) and −L a (0) are in F * 2 q . By Corollary 2.2, there exists a q-ary MDS self-dual code of length n = mt + 2. Proof. Let V be an e-dimensional F p -vector subspace in F q satisfying V ∩ F p = 0. Denote by ω ∈ F p a primitive element of order 2t. Choose Remark 3.2. For t = 1, the preceding result is exactly Theorem 4 (ii) in [15] .
In the case q is a square, usually Theorems 1-4 will present more classes of MDS self-dual codes than the previous results.
Example 3.2. For q = 151 2 , there are 243 different n for which MDS self-dual code of lengths n are constructed in all the previous works(in Table 1 ). In our constructions (Theorems 1-4), there are 713 different classes of MDS self-dual codes of different lengths.
